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1 Intro duction

The lazy thinking approad to the syrnthesis of correct algorithms was intro-
ducedby the rst author in varioustalks since2001,seethe proceedingpaper
[5]. The lazy thinking approad to algorithm synthesisis an adaptation of the
lazy thinking paradigm for lemmatainvertion introducedin [4]. Lemmatain-
vertion is part of a generalphilosophy of systematictheory exploration, se€[4],
asan alternative to the isolated theorem proving paradigm that prevailed for
many decadedn the areaof automated theorem proving. Systematictheory
exploration is one of the main topics in the emerging eld of "mathematical
knowledgemanagemet!' initiated in Septenber 2001by the 1st International
Workshopon Mathematical KnowledgeManagememn (MKM), see[7] and [10],
which engenderedMKM 2003[2] and also parallel events in North America,
see[1]].

Roughly, our lazy thinking algorithm synthesis method proceedsas follows:

2 We start with a (predicate logic) speci cation of the algorithm in a partic-
ular data domain. We assumethat all the auxiliary operations (functions
and predicates)occurring in the speci cation are de ned and all important
properties of these operations are already known, i.e. that the "theory of
theseoperations” is completely explored.

2 The method now tries out, oneafter the other, various"algorithm scdhemes"
that arestoredin alibrary of algorithm sdhemesfor the given mathematical
domain. An algorithm schemeis a predicate logic formula that descrikes
an algorithm (recursively) in terms of unspeci ed subalgorithms together
with a proof method appropriate for (induction) proofs of properties of
algorithms following this sdheme.

2 For the chosenalgorithm scheme,the proof method is calledfor proving the
correctnesstheorem, i.e. for proving that the unknown algorithm satis es
the given speci cation. Typically, this proof will fail becausenothing is
known about the unspeci ed subalgorithms.

2 From the failing proof situation, by a conjecturegeneratingalgorithm, "re-
quiremerts" (speci cations) for the unknown subalgorithms are generated
that enablethe prover to complete the proof successfully Theserequire-
merts are added to the knowledge base and the proof of the correctness
theoremis attempted again. Now, the proof will get over the failing situa-
tion and will either succeedor will fail again at somelater proof situation.

2 This procedureis iterated in a recursive cascadeuntil the proof of the cor-
rectnesstheorem goesthrough (or one givesup). After successfutermina-
tion, the following will be true: Under the assumptionthat all ingrediert
subalgorithms satisfy the requiremerns generated,the main algorithm sat-
is es the problem speci cation.

2 In this stage, there are two possibilities: Either, in the initial knowledge
base,algorithms are available that satisfy the requiremers for the subalgo-
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rithms descriked in the lemmata and we are done, i.e. a correct algorithm
has been syrthesizedfor the initial problem and its correctnessproof has
beengenerated.Or subalgorithmsthat satisfy the requiremens canbe syn-
thesizedby another application of the samemethod in a next round of the
procedure.

The distinctiv e featuresof our algorithm synthesis method, as comparedto
other methods, are:

2 the useof algorithm sdhemestaken from a library of algorithm schemes,

2 the crucial role of failing proofs and conjecture generation from failing
proofs,

2 the decompsition of theory exploration and, in particular, algorithm in-
vertion and veri cation into theory layers,

2 the naturalnessof the approad, which makesit attractive both for com-
plete or partial automation in computer-supprted systemsfor formal math-
ematicsand alsofor usageas a strategy for human algorithm invertion and
teaching. (In fact, the ideafor the lazy thinking paradigmfor algorithm syn-
thesisarosewhile the rst author was preparing a courseon mathematical
algorithm veri cation for high-stool teachersin October 2001.)

Similar ideaswereintroducedin syrthesisliterature ( se€[3] for an overview).
Howewer, in one respect or the other, our syrthesis method is di®erert from
ead of the above. In the following, we go through a few of these.

The deductive synthesismethod, of the type descriked in [1],[14] useproof
planning to set up the proof of the correctnessof an algorithm, replacesthe
unknown parts of the algorithm (existertial parts of the speci cation) with
metavariableswhich will be instantiated asthe proof planning progresses.

In formal methods, starting from a speci cation, by a seriesof transforma-
tions a correct program is reached. Adding to this setting, additional knowl-
edgeabout algorithm dewelopmen (data abstractions, designabstractions -
that correspnd to algorithm schemessud asdivide-and-conquer{16]) hasled
to the implemertation of powerful systems,sud asKIDS [17] and its successor
Specware [19] that support the useof schemesfor the synthesis of programs.

In the samespirit, schemasof logic programs,with addedsemairtic mean-
ing, are transformedinto programshby a seriesof stepsthat presene correct-
nessin [13].

In (automated) software engineering,there are already cataloguesof soft-
waredesignpatterns available, which again,accunulate knowledgeon software
dewelopmen ("recurring solutions to standard problems”, see[15]). These
are directed towards speci ¢ object-oriented or concurren, parallel and dis-
tributed programming languagegfor pattern resourcessee[20).

The lazy thinking algorithm synthesismethod isindependert of any system
for formal mathematics. Howeer, the chosensystemmust have a couple of
propertiesin order to qualify asa frame for the method:
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2 The proof objects generatedby the automated theorem proving part of
the system must be open for post-processing. In other words, black-box
proversare not suitable for the method becausehe important (automated)
requiremen generationfor subalgorithmsis basedon a detailed analysisof
the proof objects generated.

2 For the samereason,it is alsocrucial that the automated theorem provers
usedin the systemyield proof objects alsoin the casethat proofs fail. In
distinction to other algorithm syrnthesis methods, which extract algorithms
from successfuproofs, the essenc®f our method is the automated genera-
tion of requiremerts for subalgorithmsfrom failing proofs!

2 The automated theorem provers used in the system should be "natural
style" provers, e.g. natural deduction proversor variants thereof: The gen-
eration of requiremerts for the unknown subalgorithmsis crucially based
on the analysisof the temporary assumptionsand temporary proof goalsin
the failing proof object.

In this paper, all our formal dewelopmerts will be givenin the Theorema
system, see[8], [9]. In particular, all formulae will be given in the Theorema
syntax. Also, the implemertation of the method is described in the concrete
exampleof the Theorema system.

This paper consistsof three casestudiesof algorithm synthesisand remarks
on the implemertation of the method in the frame of Theorema which was
carried out by the secondauthor basedon an earlier versionof the Theorema
induction prover and conjecture generatorby the rst author. The rst case
study, sorting by merging, is the one of [5], which we summarizehere because
it is bestsuited for explaining the generalmethod. The other two casestudies
are new. The secondcasestudy (synthesis of a mergealgorithm) illustrates
particularly well that, although nding the induction proofs and the require-
merts for the subalgorithmsis quite easy keepingtrack of the organization
and the details of these proofs and requiremerts is a quite demanding task
that needsautomation for making the ertire method practically attractiv e.
The third casestudy shows how, for a xed algorithm speci cation, changing
the algorithm schemefed into the synthesis procedurechangesthe algorithm
synthesized,i.e. the speci cation (requiremerts) generatedautomatically for
the subalgorithms.

2 First Case Study: Sorting by Merging

2.1 ProblemSyeci cation

We want to syrnthesizean algorithm 'sorted' that meetsthe following speci -
cation:

8 is{sorted{version[X; sorted[X]],
is{tuple [X]

where



0 8
2 is{tuple[Y]

8 %bis{sorted{version[X;Y], X Y
is{tuple [X ] >
" is{sorted[Y]
The predicate 'is-sorted-version is de ned in terms of the two auxiliary

predicates'¥s and 'is-sorted’. (For X Y4Y read'Y is a permuted version of
X' or'X and Y cortain the sameelemens equally often’):

is{sorted[hi],
gis{%orted[hxi 1, 3 1
. Sx,y
8 @is{sorted]hx; y; ], | A
Xyt is{sorted[hy: #i]
and
hi ¥4 hi,
8 hi 6vhy: Vi,
Yy

(B, (haxi alyii | (x 2 1y~ ki vadf olx; D)) -

(For the "sequencevariables” notation X etc., seethe papers on Theorema
e.g. [8]. Sequencevariablescan be replacedby arbitrarily many terms. Thus,
for example, the terms hi, R2i, M;3;2;2i, M;y;a;z;a+ b are instancesof
the term hki. We useangle brackets as constructorsfor tuples: for example,
h2; 2; 3; 1; 4i is the tuple consistingof the elemetnts 2, 2, 3, 1, 4.)

The de nitions of 'is-sorted' and 'V4, again, cortain auxiliary operations
like'2' (read: 'is element’) and'd o' (read: 'delete rst occurrence')that must
be de ned in terms of other auxiliary functions until we arrive at the basic
operationson tuples. The de nitions of all theseauxiliary operationsand also
the formulae describing various properties of these auxiliary operations are
supposedto be cortained in the knowledgebase,seeappendix.

(In [5] we discussthe question of "completeness"and "suzciency" of
knowledgebases.)

2.2 Algorithm Scheme

In our view, an "algorithm sdeme" (or "algorithm type") for a given data
domain,

2 jsarecursive de nition of an unspeci ed "main" operation in terms of other
unspeci ed "auxiliary" operations and the basic operations of the data do-
main,

2 together with a proof method that correspndsto the recursive de nition
and the data domainin a natural way.
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In our case(a problem on the data type of tuples), a possiblerecursive de ni-
tion of the solution function is the well-known "divide{and{conquer" stheme
(in a versionwhich is aéopropriate to the data type of tuples):

% specia[X] ( isftrivial{tuple [X]
- p?e x ]sorted[X 1= _ mergedsorted[left{split[X ]];
sorted[right{split [X]]] otherwise

whereyou shouldthink about the "main function” 'sorted' and the "auxiliary
functions" 'special, 'merged, 'left{split’, and 'right{split’ as completely un-
speci ed (exceptthat 'sorted' is related to the auxiliary functions asdescriked
in the scheme). In fact, at this momer, nothing is known about thesefunc-
tions that would justify to give them nameslike 'sorted’, 'special, ‘'merged
etc.

Note also, that in cortrast to the operations 'sorted etc., the predicate
'is-trivial-tuple' is not unspeci ed but, rather, is de ned by a formula in the
knowledgebase,seethe appendix.

Also, we include the following natural "t ype requiremens" on the auxiliary
functions as a part of the algorithm sdeme:

8 is{tuple[specialX]],

is{tuple [X]
is{trivial{tuple [X] 8

< is{tuple[left{split [X ]]

is{tuple [X] N : . !
- isftrivial{tuple [X] |S{tUp|€[rlght{Spl|t [X ]]

8 is{tupl Y;Z]] .
is{tuple [Y;Z]IS{ up e[mergec[ ’ ]]

The type requiremerts will be important for being able to prove that the

function 'sorted’, for tuple argumerts, yields tuples asresults.

Finally, we also considerthe foIIé)wing requiremen
o < X A left{split[X ]
isfuple [X] = X A right{split [X ]

s isftrivial{tuple [X]
as a part of the recursive de nition, which guararteestermination of the al-
gorithm in case'A’ is a Noetherian predicate. (In our case,we will usethe
predicate 'has shorter length' for 'A’, seethe de nition in the appendix.)
Second,we include the following special induction method into the algo-
rithm sdeme:

2 In order to prove, for an arbitrary property A, o EIS[X]A[X] it sutces
is{tuple
to prove, for an arbitrary but xed »p, A[h&i] under the assumptions
is{tuple[mil]and 8 A[Y].
is{tuple [Y]
héiA Y



This particular induction method is basedon the property that A is a
Noetherian relation.

One might arguethat, with the inclusion of an appropriate inductive proof
method into the algorithm sdeme, already very much of the "invertion" is
taken away from the automated invertion system. Howeer, in future mathe-
matical knowledgemanagemehsystems(and, in particular, veri ed algorithm
invertion systems),it would besilly to throw away the accunulated knowledge
of mathematicianson problem solving "schemes". Rather, in future systems,
the accurnulated algorithm invertion knowledgeof mathematiciansshould be
kept available in "algorithm sdemeslibraries” that can then be used,in the
way which we demonstratein this paper, for inverting concretealgorithms for
concreteproblems.

A completely automatic seard through a library of possible algorithm
sdhemesto be applied for a particular algorithm syrnthesisproblem may seem
to be combinatorially prohibitive. Howewer, in practice, we think that our
strategy is viable for the following reasons:

2 Given a data type (which is part of the problem speci cation), experience
showsthat there arenot too many possiblealgorithm schemeghat areworth
storing in a library of algorithm scheme. There are many algorithms but,
in cortrast, there are only a few algorithm schemes.In other words, givena
data type, there are only of few basicideashow to attack problemsspeci ed
for the given data type but there are many variations or instantiations of
theseideasand even more combinations of thesesdeaswith ideas(schemes)
for the subalgorithms.

2 Of course,not all algorithm sdhemesn the library of algorithm sdhemedor a
givendata type will leadto reasonablealgorithms for the problem speci ed.
More concretely it will turn out the requiremens for the subalgorithms
derived from analyzing failing proofs of the respective correctnesstheorem
may not be easily satis able or not be satis able at all in the next round
of the synthesis procedure. We guessthat some user interaction will be
necessaryto follow only promising paths in the overall synthesis procedure
through a coupleof layersof subalgorithms,subsubalgorithmsetc. However,
at the momert, we do not yet have suzciently much experimertal material
from casestudiesin order to make a well-foundedstatemert on the amourt
of userinteraction necessaryor suzcient in our approad.

2.3 Algorithm Synthesisby Lazy Thinking: First Round

We now start from the following situation:

2 We have a knowledge base consisting of all the de nitions and essetial
properties of the operations and auxiliary operations (functions and predi-
cates)occurring in the problem speci cation (in our case:the speci cation
of the binary predicate 'is{sorted{version' and all auxiliary operations, like
‘A" etc., seeappendix).



2 We have chosenan algorithm scheme(including an induction sdheme)from
a nite library of algorithm schemesfor the domain of tuples (in our case:
the "divide{and{conquer" algorithm scdheme;in the third casestudy we will
start from someother scheme!).

We do now the following:

2 We include the algorithm sceme for 'sorted’, the type requiremers for
the auxiliary functions, and the requiremers on the decreasinglength of
'left-split' and 'right-split' into the knowledgebase.

2 Then we start attempting to prove the correctnessheorem

8 is{sorted{version[X; sorted[X]].
is{tuple [X ]

2 Of course,this proof will not succeedbecauseat this momen, essetially
nothing is known about the auxiliary functions'merged, 'left{split’ etc. We
proceedwith the proof until the proof gets stuck.

2 When it got stuck, we analyze the current, failing proof situation and
try to conjecturerequiremens (properties) of the auxiliary subalgorithms
‘'special, 'left-split’, 'right{split’, 'merged that would make it possibleto
get over the failing proof situation. (It is essetial for the automation of
the method that this step of conjecturing suitable requiremerts can be au-
tomated!)

2 We add the conjectured requiremerts to the knowledge base and repeat
the whole process,i.e. we go to the next round in the algorithm invertion
process.

In the example,the failing proof attempt (which can be generatedcompletely
automatically by the Theorema induction prover) is as follows:

Pr oof Attempt Begin

For proving the correctnessheorem, we usewell-foundedinduction w.r.t.
A on X:
We assumeis{tuple[h&yi] and the induction hypothesis
8 is{sorted{version[Y; sorted[Y]]
is{tuple [Y]
T %
and we show
is{sorted{version[h&i ; sorted[h&i]].

We usethe algorithm schemefor 'sorted' and distinguish two cases:
CASE is-trivial-tuple [ ]:

In this case,we have to show
is{sorted{version[h&i ; specialhi]]
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i.e., by the de nition of 'is-sorted-versior, we have to show
is{tuple[special[h&i]] (G1),
specialloi] ¥a %, (G2),
is{sorted[specia[h&yi]] (G3) .
For (G2), by the fact that
(X %Y), (X =Y))

is{trivial{tuple [X J;is{tuple [Y]

it suxcesto prove that special[hgi] = hioi.

(G1) is true by the type requiremen on special. We can not prove (G2) and
(G3).
Pr oof Attempt End

(The proof attempt generatedautomatically by the Theoremainduction prover
for tuples is basically exactly like the proof attempt above including the ex-
planatory English text, seethe paperson Theorema Howewer, for the presen-
tation in this paper, we leave out someintermediate stepsof the Theorema
proofs.)

Now we analyzethe failing proof situation and nd:
2 We have the caseassumptionasthe only temporary assumption:
is{trivial{tuple [&oi].
2 We have the temporary goal:
specialhyi] = hioi.
It is obvious to conjecture (and our current Theorema conjecture gener-

ating algorithm can do this automatically) that the following requiremen on
the function 'special

8 specia[X] = X
is{trivial{tuple [X]( P [ ] )
will make it possibleto get over the failing proof situation.
We add this requiremern to the knowledgebaseand proceedto the next
invertion round.

2.4 Algorithm Synthesisby Lazy Thinking: Second Round

Sincewe have addeda requiremern on the auxiliary function 'special we will
get now over the failing proof situation and we will be stuck at somelater
situation in the proof in which, again, we will try to invert a requiremen on
the auxiliary functions that will make it possibleto proceedfurther.



The next proof attempt (which again can be generatedcompletely auto-
matically by the Theorema induction prover) will now proceedas follows:

Pr oof Attempt Begin
CASE : is-trivial-tuple[oi]:

In this case,we have to show

is{sorted{version[h&,i ; mergedsorted[left{split [yi ]]; sorted[right{split [&i ]]]].
For this, by the de nition of 'is-sorted-version, it suxcesto show
is{tuple[mergedsorted[left{split [&i ]]; sorted[right{split [ ]]]] (H1),
o ¥a mergedsorted[left{split [ ]]; sorted[right{split [si]]] (H2),
is{sorted[mergedsorted[left{split [¥i ]]; sorted[right{split [*%ci ]]]] (H 3).

From the caseassumption, by the type requiremens on ‘left-split' and
‘right-split', the property that 'left-split' and 'right-split' produce shorter tu-
ples, and the induction hypothesiswe obtain

is{sorted{version[left{split [%yi ]; sorted[left{split [&yi ]]],
is{sorted{version[right{split [ ]; sorted[right{split [ ]]].
From this, by the de nition of 'is-sorted-versiori, we obtain

is{tuple[sorted[left{split [yi]]] (AL 1),
left{split [&yi ] ¥4 sorted[left{split[&i]] (AL 2),
is{sorted[sorted[left{split [I#si ]]] (AL 3),
is{tuple[sorted[right{split [ ]]] (AR1),
right{split [i ] ¥2 sorted[right{split [i ]] (AR 2),
is{sorted[sorted[right{split [®qi ]]] (AR 3).

(H 1) follows from (AL 1) and (AR 1) by the type requiremen on '‘merged.
We cannot prove (H 2) and (H 3).
Pr oof Attempt End

Now we analyzethe failing proof situation and nd:

2 We have the caseassumptionand the formulae (AL 1), ..., (AR3) astem-
porary assumptions.

2 We have the temporary goals(H 2) and (H 3).
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It is not sonearat hand but, after somethinking, relatively easyto conjec-
ture (and our current Theorema conjecturegeneratingalgorithm can produce
this conjectureautomatically) that the following requiremen on the functions
'left{split’, 'right{split' and 'merged

08 1
% left{split[X] ¥ Y 8
right{split [X] ¥ Z ) < mergedY;Z] ¥ X
Isftuple [X;Y:Z] is{sorted[Y] - is{sorted[mergedY: Z]]
:is{trivial{tuple [X]
is{sorted[Z]
will make it possibleto get over the failing proof situation.

We add this requiremer to the knowledgebaseand now (H2) and (H2)
can be proved and the ertire proof can be completed.

2.5 Resultof Synthesis

If we now collectthe requiremerts onthe functions'special,' left{split’,' right{split"
and'merged, we seethat we inverted and provedthe following "Relativ e Cor-
rectnessTheoremfor Merge-Sort":

K nowledglis-sorted-versipr )

left-split; right-split]

Is-Merge-Sort-Agorithm[sorted; special, merged;
special;mer ged;left{split ;right{split ) E '

8 is{sorted{version[X; sorted[X]]
is{tuple [X]

Here, 'K nowledge' is the conjunction of all (someof the) formulae known
about the predicate'is-sorted-versiornl and all its ingrediert operations (func-
tions and predicates), like 'is-sorted’, 'V, etc. (see appendix) and
'Is{Mer ge{Sort{Algorithm' is de ned as follows:

0 1
@ Is-Merge-Sort-Agorithm[sorted; special; A
special;mer ged;left{split ;right{split merged;left-split; right-split]
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8

is{tuple [X]
sorted[right{split [X ]]] otherwise

(specia[X] = X)

is{trivial{tuple [X]

X A left{split [X ]
is{tuple[right{split [X]]
-~ X A right{split [X ]

|s{tup|e Iv; Z]|3{tup|e[mergec[y Z]] 1

|s{tuple [X]
s isftrivial{tuple [X]

8
% is{tuple[left{split[X ]]

% left{split[X ] ¥4 Y 8
right{split[X]%Z _ < mergedY;Z] Vs X

Is{tuple[ X;¥;Z] is{sorted[Y] - is{sorted[mergedY: Z]]
s is{trivial{tuple [X]

8
2 specialX] ( isftrivial{tuple [X]
2 8 sortedX]= §mergeo[sorted[left{split[X]];

is{sorted[Z]

The theorem says that,

if

2 the predicate'is-sorted-version andits sub-operationssatisfy the properties
descriked in knowledge(seethe appendix),

2 the function 'sorted' is de ned recursiwely in the "divide{and{conquer" style
from the auxiliary functions'special, 'merged, 'left{split’, and 'right{split",

2 the functions 'merged, 'left{split’, and 'right{split’ presene the data type
"is-tuple,

2 the functions 'left{split’ and 'right{split’, on non-trivial argumerns, reduce
the length,

2 the function 'special, on trivial argumerts, is the identity,

2 the function 'merged, on sorted argumerts, yields sorted tuples, and

2 the function 'merged, on argumeris Y and Z that cortain the sameel-
emeris as left-split[X ] and right{split [X ], respectively, yields a tuple that
cortains the sameelemerts as X,

then

2 the function 'sorted' solvesthe problemof sorting, i.e. the problemspeci ed
by the binary predicate 'is{sorted{version'.

The most important and most interesting parts of this theorem are the
two requiremerts stating that the function 'merged presenessortednessand
elements. Thesetwo requiremerns are exactly what peoplewould naturally

12



considerasthe characteristic propertiesof merging. The amazingphenomenon
is that exactly thesetwo requiremerts are invernted completely automatically,

without any prior intuition or semaric understanding,by our "lazy thinking"

method. In fact, the exact formulation of the requiremens invernted by our
method, are slightly more generalthan the requiremeris one would expect
naturally. This is, of course,good becausethe weaker the requiremers the
more functions 'merged, 'left-split’, and 'right-split' satisfy the requiremerns!

Note that our algorithm synthesis method doesnot only nd one partic-
ular algorithm for sorting by merging but, rather, nds a whole spectrum
of algorithms, namely all those that follow the divide{and{conquer stheme
but may have very di®eren instantiations of the subalgorithms 'left{split’,
‘right{split’, and '‘merged. All triples of subalgorithms qualify that satisfy
the requiremerts stated in the relative correctnessheorem.

In [5] we go a step further and analyze the knowledge base from which
we started with the objective to nd out those "minimal" properties of the
ingrediert operationsthat suxce for proving the relative correctnesgheorem.
We do not descrile this ideain the presen paper.

2.6 Mathematial Knowledge Retrieval

After generatingthe requiremerts for the sub-functions'merged, 'left-split’,

and 'right-split', the questionariseswhetherfunctions satisfying theserequire-
merts already exist in our knowledgebase. Seemingly this is an easyquestion
and, in traditional knowledgeretrieval, the questionis answered by looking
to functions that have thesenamesor, at least, similar names. Thus, for ex-
ample, if onewants to know what is known about "Besselfunctions"” in some
function library then, of course,one would just look for terms in the library

whoseoutermost function symbol is "Bessel". Howewer, this ad-hoc solution
to the knowledgeretrieval problem is not appropriate for the needsarising in

the frame of the above approad to algorithm syrthesis(and in other areasof
"mathematical knowledgemanagemett’).

Rather, we are facedwith the following problem:

2 Given a knowledgebaseK , operation namesf , ..., and a requiremert on
f,..., L.e. aformula R[f;::],

2 nd operation namesF, ...occurring in K sud that R[F;:::] is a logical
consequencef K .

Hence,knowledgeretrieval in our context is essetially a proving problem!
For example,given the knowledgebaseK in the appendix augmertied by
the following de nitions

M [hi: hi] = hi,
y%(l\/l [hi;hy; ¥i] = hy; ¥i),
13



8 (MIhxishil = b i),

8 1
< - o
8 @M[hx;i(i;hy;yi]:_ X MI[hki;hy;yi]l( x>y A
xXy:y -y M kishyi]( x>y
L[hi] = hi,
§(L[h>(i]: hxi),

B (Lbayiz = x " L[rei))
R[hi] = hi,

8(R[i] = hi),

X;%(R[X; y;2] = x° R[hi])

and the following requiremen R[left-split; right-split; merged]
8
% is{tuple[left{split [X ]]
X A left{split [X ]

8 1
is{tuple [X ] ; . )
: is{tlr?vizlrztﬁple X1 IS{tupIe[nght{spnt [X ]]
- X A right{split [X]
8 is{tuple[mergedY;Z]],
(sligple [Y:Z] { P [ g9 (I ]]
% left{split[X ] ¥a Y o

right{split[X]%Z _ < mergedY;Z] ¥4 X
is{tuple [X:Y:Z] is{sorted[Y] - is{sorted[mergedY; Z]]

s is{trivial{tuple [X]
- is{sorted[Z]

then " nding" operationsin K that satisfy the requiremen consistsin trying
out all possibletriples of functions I;r;m that occur in K and nding out
whether the requirement R][l;r; m] can be proved from the formulae in the
knowledge base. In our case,in particular, one could try L; R;M and try
to prove that R[L; R;M] holds. One seesthat this task is nothing elsethan
proving that the algorithms L; R;M are correct w.r.t. to the speci cation
R[L; R;M]. Of course,sud proofs, may beditcult, moderatelyditcult, easy
or trivial dependingon how much knowledgeis availablein the knowledgebase.
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We have explainedthis in big detail in a recen technical report, see[6]. In
particular, if no suitable functions |;r; m are available in the knowledgebase,
then the problem becomesanother synthesis problem, namely the problem of
syrnthesizing algorithms I; r; m satisfying the requirement R[l;r; m]. We will
solve this problem, again by our lazy thinking algorithm synthesis method in
the next section.

3 Second Case Study: Merging by Comparison

3.1 ProblemSpeci cation

Now we want to synthesizealgorithms'L', 'R, 'M' that satisfy the speci ca-
tion

8
% is{tuple[L[X ]]
8 X A L[X]
is{tuple [X] : !
: isftrivial{tuple [X]§ |S{tUp|e[R[X ]]
X A R[X]
is{tuplg [Y;Z]Is{tuglg[M [Y; Z]], .
% L[X]%aY 8
8 RIX]%Z | = MIY;Z]%X
is{tuple [X;Y;Z] : - .
: {trivial{tuple[ X] |S{SOI’t€d[Y] IS{Sorted[M [Y, Z]]
is{sorted[Z]

In principle, this synthesiswould be possibleapplying againour lazy think-
ing method. Howewer, it turns out that this synthesis, technically, is very
cumbersome. The reasonfor this is that the above speci cation of the three
unknown algorithms L, R, and M are "coupled”. Namely, the last formula
in the speci cation cortains all three algorithm names'L’, 'R', and 'M". In
sud a situation, it is always advisabletrying to "decouple” the speci cation
before one embarks on the syrnthesis problem. In our case,this is relatively
easy: One can prove by pure "symbolic computation proving" (rewriting), i.e.
by easyproving without any induction, that the above speci cation is implied
by the following, slightly stronger speci cation:

15



X AL[X]
istuple[R[X ]|
- X A R[X]
is{tuple [X ] (LIXT® RIX]) %2 X

:is{trivial{tuple [X]

|s{tuple[M [Y; Z]],

|s{tup|e [X]
:is{trivial{tuple [X]

8
% is{tuple[L[X ]
:

|s{tup|e [Y; Z] 8 1
< < . 1 3

B @ is{sorted[Y ] | MIY;Z] Ya (Y Z)A,

suple [viz] - js{sorted[Z] = - is{sorted[M[Y;Z]]

where'3 ' denotesconcatenationof tuples.

Remark. In fact the secondformula is a natural speci cation for the split
functions. What it says is that when we split a tuple X by the functions L
and R then, if we put the splits together by concatenation, we again get a
tuple that cortains exactly the elemens of the original X.

Note that, now, the speci cation of L and R is decoupledfrom the spec-
i cation of M. We could now synthesizeL and R and then embark on the
syrthesisof M . In this paper, for lack of space,we do not show the synthesis
of someconcreteL and R. (In fact, in the previoussection,we have provided
concreteexamplesof suitable L and R.) Rather, we only shav the synthesis
of an algorithm c satisfying

|s{tuple » Z]ls{tuple[c[Y Z]], g .

@< is{sorted[Y] : < qY;Z]va(Y 3 2) A
stuple [YZ)© jsfsorted[z] = - is{sorted[d[Y:Z]]

(We are choosing a di®eret name'c’ now in order to indicate that this
synthesis problem is completely independert of, i.e. decoupledfrom, any
knowledgeon 'L' and'R".)

3.2 Algorithm Scheme
We usethe following algorithm sdheme,which we again supposeto be avail-
ablein our "algorithm sdemeslibrary":

c[hi; hi] = cee

Blhizhy:yi] = cedy:yl,

8 clhx xi] = coelx; X,

16



8

< . g Wi .
8 dhc %ihy:yi]= caol[x; cfhki; hy; ¥ill ( pix;yl |
XKy + cgg2ly; el xi; Tl ( : plx; y]
with the type requiremerns

is{tuple[ced,

XE_Bj(is{tuple[ceg[x; 11,

X%is{tuplegcge[x; X1,

< is{tuple[cggl[x; X ]]

xisuple X1 jsftuple[cgg2[x; X ]|

wherecee ceg cge, cggl, cgg2, and p are the unknown subalgorithms.

The corresppnding inductive proof technique is:

For proving is{mp?e x ]A[X] do the following:

(1) Prove Afhi].
(2) Take xq and %, arbitrary but xed, assumeA[h&i] and prove A[xg; *oi].
This proof technique can be expandedto the following proof technique for

conditioned formulae:

For proving 8 B[X] do the following:
is{tuple [X]

C[X]
(1) AssumecCilhiland shaw B [hi].
(2) Take xg and», arbitrary but xed. Assume: C[héyi] and C[hxg; *i Jand

prove B [hXg; %oi ].
(3) Now assumeC[h&i], B[] and C[hxg; %oi] and prove B [hXg; %o ].
Note that (2) and (3) are appropriate becausethe assumption C[h#i] )

B[l ] is equivalent to : C[hgi] _ (C[h#ei] ™ B[i]) and, hence,the proof
splits into the two cases. C[h&yi] and (C[hgi ]~ B [h&i]).

3.3 Algorithm Synthesisby Lazy Thinking: First Round

We rst prove
8 ]is{tuple[c[Y;Z]]

is{tuple [Y;Z
by induction on'Y and Z.
This easyproof succeeddecauseof the type requiremerns on the subal-
gorithms cee ceg etc. and the algorithm sdheme. Thus, we immediately
cortinue with the proof.

17



Now we try to prove
I ) 8 1

@< is{sorted[Y] ) < qY;Z]va(Y 3 2) A

is{uple [Y:Z] - js{sorted[Z] - is{sorted[c[Y;Z]]

by induction for formulae with conditions.

Induction Base for Y:
Assumeis{sorted[hi]. Prove 8

< hi3 Z Ychi; Z]

istwple (21 © jstsorted[chi; Z]]
is{sorte d[Z]

Induction Base for Y, Induction Base for Z:
Assumeis{sorted[hi]. Prove
hi 3 hi % cfhi; hi],
is{sorted[c[hi; hi]].
Now, hi3 hi ¥ clhi;hi] $ hiYsicee
This proof fails but straightforwardly leadsto the requiremen
cee= hi.
Furthermore, using already this requiremen,
is{sorted[cfhi; hi]] $ is{sorted[ced $ is{sortedhi] $ true.
Induction Base for Y, Induction Step for Z, First Case:
Assume: is{sorted[%i], is{sorted[hey; Zi ].
Prove hi 3 hzy; 251 ¥ c[hi; hzg; 201 ] and is{sorted[c[hi; hzy; Zoi ]].
The assumption: is{sorted[h#yi ] and is{sorted[hzy; Zyi ] cortradict ead other.
Hence,this caseis not possible.
Induction Base for Y, Induction Step for Z, Second Case:

Assume
is{sorted[&yi ], hi 3 My Y4 c[hi; yi], is{sorted[c[hi; "Zyi ]], is{sorted[hzy; Zi].
Prove hi 3 hzy; 291 ¥ c[hi; heg; 291 ] and is{sorted[c[hi; hzg; Zi].

CASE %, =(the empty sequence):

hi3 heg: 2oi Yadhis heo; 20i]$ heoi Yacedzo] $ (heoi 2 cedzo] » hi Y
d ofzo; cedzo]]) A (20 2 cedzo] * (df o[zo; cedzo]] = hi)).

This proof fails but (by our requiremen generationalgorithm automati-
cally) leadsto the requiremen

§(z 2 cedz] ™ (d o[z; cedz] = hi)).
Furthermore,
is{sorted|[c[hi; hzo; 2] $ is{sorted[c[hi; hzyi]] $ is{sorted[cedzo]].
18



The proof fails but (automatically) leadsto the requiremen
§(is{sorted[ceg{z]]).

3.4 Algorithm Synthesisby Lazy Thinking: Second Round

It is clear that, with the requiremerts for the subalgorithm 'ced introduced
in the precedinground, one can get over the proof situation in which the rst
proof attempt was stuck and we cometo the following proof situation:
Induction Base for Y, Induction Step for Z, Second Case:

Assume

is{sorted[&i ], hi 3 My Y4 c[hi; yi], is{sorted[c[hi; &1 ]], is{sorted[hzy; Zi].

Prove hi 3 heg; 29 ¥a clhi; heg; 201 ] and is{sorted[c[hi; heg; 201 ]].

CASE 2, = z;;  (for certain zy; 2):

From the assumptionswe know:
hi3 hezy; 21 Yaclhijhey 2119 heg; 2i Yacedzy; 2],
is{sorted[c[hi; '&i]] $ is{sorted[cedz;; £]],
(is{sorted[hzg; 20i] $ is{sorted[hezy; z;; 2i]

$ (z0, zy" is{sortedlre;; %)) $ 2o, z1.

Now,

hi3 heg; 200 Yaclhi;hezg; 20i]$ heo; 21 21 Yacedzo; z1; 2]

$ (20 2 cedzo; z1; 2] " heq; 2i Yad 0[zo; cedzo; z1; 2]])

A (20 2 cedzo; z:; 2]~ (cedz; 2] Ya  o[zo; cedzo; z:; 2]])).
This proof fails but it leadsto the requiremert

8 (202 cedz;21;2] " (cedz; 2] ¥a d o[zo; cedzo; 21; 2]])).-

20,21,

Furthermore,
is{sorted[c[hi; hzy; 20i]] $ is{sorted[c[hi; hzy; z1;2i]] $ is{sorted[cedz,; z:; Z]].
The proof fails, but it leadsto the requiremernt

08 '
<. )
@ sisortedcedzi 2l ) is{sorted[cedzo; z;; Z]JA .

20,212 ZO s Zl

3.5 Algorithm Synthesisby Lazy Thinking: Third Round

It is clear that, with the additional requiremers for the subalgorithm 'ced
introduced in the precedinground, one can get over the proof situation in
which the proof attempt in the precedinground was stuck and we cometo the
following proof situation
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Induction Step for Y, First Case:

Assume: is{sorted[h}yi] and is{sorted[hyo; Yoi]. The assumptionscortra-
dict eath other and, hence,this caseis not possible.

Induction Step for Y, Second Case, Induction Base for Z:
Assume:

§{sorted[woi 1,
< hyoi 3 hi Yac[hoi; hil
! is{sorted[c[yoi ; hi]]

is{sorted[hyo; Yoi] .

Prove 8

< Wo,}lol 3 hiva C[Wo,yol,hl]
U is{sorted[dhyo: Yoi : hi]]

We will skip the details of the proof here. In fact it is similar to the proof
in the previousround of exploration. The failing situations in the proof will
lead to the following requiremerts:

?is{sorted[cge[y]],

8 v(8/°82 coelyo; y1; Y17 (coelys; ¥l e d 0[y0;C99[y0;Yl;¥]]))1

YoiY1;

@< is{sorted[coe]y1; ¥]]

8,=. ) is{sorted[coelyo; y1; ¥TIA .
Yoyry -y, Wi

3.6 Algorithm Synthesisby Lazy Thinking: Fourth Round

It is clear that, with the additional requiremerns for the subalgorithm 'cge'
introduced in the precedinground, one can get over the proof situation in
which the proof attempt in the third round was stuck and we cometo the
following proof situation:

Induction Step for Y, Second Case, Induction Step for Z, First Case:
Assume: is{sorted[l%yi] and is{sorted[hzy; Zi]. The assumptionscorra-
dict ead other. Hence,this caseis not possible.

Induction Step for Y, Second Case, Induction Step for Z, Second
Case:

Assume
20



is{sorted[hyi],
hyo; Yoi 3 heoi Va clhyo; Yoi s ioi 1 $ hyo; Yo; 2o ¥a clhyo; Yol ; ol ],
is{sorted[c[hyo; Yoi ; i ]],
is{sorted[hzy; Zoi ] .

Prove

hyo; Yoi 3 12o; 2ol ¥a cllyo; Yoi ; F2o; 2011 $  hyo; Yoi Zo; 2oi Ya clhyo; Yoi ; zo; Zoi]
and
is{sorted[c[hyo; Yoi ; hzo; Zoi ]].
Now we distinguish two cases.

CASE p[Yo; Zo]:
In this case,
hyo; Yo; Zo; Zoi ¥4 c[hyo; Yol ; Meo; 2011 S Wyo; Yo; Zo; Zoi ¥+ cagllyo; clhyoi ; hezo; Z0i]] (?)
By the induction hypothesigon Y
< hoi 3 Z Yaclhpoi: Z]

8
is{tuple [Z] - .
is{sorte d[Z] IS{sorted[c[ry(). J Z]]

we know, in particular,
hyo; Zo; 201 ¥a c[Woi ; hzo; Zoi ]

We are now stuck at the proof of (?).
Now, with the requiremerts

8 (Y YaZ) coollx; Y]¥acogllx; Z]),

x;is{tuple[Y, Z]
y;ygsz;iw;y; z; 2 Yacoolly; Y, z; 2i]
we can prove (?):
(7)) $ tyo; Yo; 2o; Zoi V2 C991lYo; WWo; 20, 2] $ true .
Furthermore,
is{sorted[c[hyo; Yoi ; hzo; 20i]] $ is{sorted[cggl|yo; c[hoi ; Feo; Zoi ]]] (?7).
We already know, by induction hypothesison Y:
is{sorted[c[hyoi ; heo; Zoi ],
Wo; Zo; 20 ¥a ol ; hzo; Zoi ]
and we also know

is{sorted[hyo; Yoi ].
We are now stuck at the proof of (??).
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Howewer, with the 8a§|tomatically generated)requiremert 1
is{sorted[Y]
Y Yahy; z; %
Vgt V] is{sorted[hy; ¥i] ) is{sorted[caglly; Y]]

is{sorted[e; Zi]

ply; z]
we can successfullyget over this proof situation.

CASE : plyo; zo]:

This caseis similar. We do not give the details. From the proof situation
in which the proof in this branch is stuck, the following requiremerts can be
generated(automatically):

8 (Y YaZ ) coo2[x; Y] Yacog2lx; Z]),

x;is{tuple[Y, Z]

8 hy; ¥,z % Yacog2lz; hy,y; 2i],

y;ﬂf;z;zw y z bgcgg [Z W }’ I]
% is{sorted[Y]

y.¥;z;&is{tuple [Y]

1
Y Yahy;y; Zi
is{sorted[hy; ¥i] ) is{sorted[cgo2[z; Y]] .
is{sorted[le; Zi]

> ply; Z]

3.7 Summary of the Requirementsfor the Sulalgorithms

We now collect all the requiremerts on the subalgorithmscee ceg cge, cggl,
cQgg2:
is{tuple[ced,

8 isftuplefcedx; x]],

XSX is{tuple[cgelx; X]],

8
<

is{tuple[cagl[x; X 1]
xisftuple (X1- jsftuple[cgg2[x; X ]] ’

cee= hi,

223(2 2 cedz] " (d o[z; cedz]]) = hi,
22



8(is{sorted[cedz]]),

, 323 _z(zo 2 cge[zo; z1; 2] ™ (cedzy; 2] Ya d 0[zy; cedzo; z1; 2]])),
708 1
< is{sorted[cedz; ]|

@

20,212

_ ) is{sorted[cedzo; z;; 2]]A ,
"4y, 43

23 is{sorted[coely]],

8 (Yo 2 ceelyoy1; Y1 (coelys; ¥] Ya d ofyo; coelyo; Y1, ¥11)).

Yoiy1,¥ 08 1

< :
@ is{sorted[cgely1: ¥]] ) is{sorted[cgelyo; y1; YA |

yoiyny . Yo. Vi
8 (Y YaZ ) cool[x; Y] ¥acogllx; Z]),

x;is{tuplelY, Z]
8 hy;¥;z;2i Yacgolly; y; z; 2i],
yiy,z:2
08 1
is{sorted[Y ]
Y Yahy; z; 2
is{sorted[hy; yi] ) is{sorted[caglly; Y]],
is{sorted[le; Zi ]
" ply; Z]
8 (Y YaZ ) coo2[x; Y] Yacag2lx; Z]),

x;is{tuplelY, Z]

8 My, ¥,z % Yacgy2lz; by, ¥, i,
y\y.z:2

y;¥:z:2is{tuple [Y]

08 1
is{sorted[Y ]
Y Yaly Y 2i
y:y;z;z;is?tuple \2 is{sorted[hy; ¥i] ) is{sorted[cgg2[z; Y]]
is{sorted[te; i ]
L ply: 2]

The most natural de nitions of algorithms satisfying these requiremerts

are the following:
cee= hi,
8(cedx] = fi),
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8(cgely] = hi),
8 (cogllx;Z]=x" 2Z),

x;is{tuple [Z]

8 _(co2ly;Z]=y" Z).

y;is{tuple [Z]

(Howewer, if one embarks on synthesizing cggl, cgg2 from the elemenary
tuple operations available in the knowledgebase,it is again advisableto rst
simplify the above requiremerts to a few essetial onesusing simple symbolic
computation proof techniques,without induction.)

4 Third Case Study: Sorting by Insertion

4.1 Remark

Of course,sorting by insertion canbe viewed asa degeneratecaseof sorting by
merging: If left-split degeneratedo the function that just takesthe left-most
elemen out of a given tuple then sorting by merging (an nlogn algorithm)
becomessorting by insertion (an n? algorithm).

The interest of the third casestudy does,therefore,not lie in the fact that
sorting by insertion can be synthesizedbut lies in the investigation of what
happensif we start with the samealgorithm speci cation of 'is-sorted-versior
asin the rst casestudy, namely,

8 is{sorted{version[X; sorted[X]]
is{tuple [X]

but throw in a di®eren algorithm sdeme.

4.2 Algorithm Scheme
This time we usethe following algorithm scheme
sorted[hi] = c,
§(sorted[h><i] = d[x]),
x;)E/S;z(sorted[hx; y; 2i] = i[x; sortedhy; #i]),
with the following natural type requiremerts on the auxiliary functions
is{tuple]c],
§is{tuple[d[x]],
x;is{tu8ple [Y]is{tuple[i [x;Y]].

The correspnding inductive proof technique is:

For proving is{mp?e x ]A[X] do the following:
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(1) Prove Afhi].
(2) Take x, arbitrary but xed and prove A[hyi].
(3) Takexo;Yo and 2, arbitrary but xed, assumeA[hyq; Zyi] and prove A[Xo; Yo; Zoi ].

4.3 Algorithm Synthesis

We start with an attempt to prove

8 is{sorted{version[X; sorted[X]].
is{tuple [X]

We do not show the proof attempts for the two basecases.Analyzing the
failing situations in thesetwo attempts readily leadsto the two requiremeris

c=hi
and
§d[x] = hxi.
Now we do the induction step. For this, we take Xq; Yo, and 2, arbitrary
but xed and assume
is{sorted{version[hyy; Zoi ; sorted[hyo; Zi ]]

i.e.
is{tuple[sorted[hyq; Z0i]] (A1),
hyo; 201 Ya sorted[hyo; Z01] (A2),
is{sorted[sorted[hyo; Zoi]] (A3),
and prove
is{sorted{version[hxo; Yo; i ; sorted[Xo; Yo; Zoi ]]
ie

is{sorted{version[hxo; Yo; Zoi ; I[Xo; SOrted[hyo; Zoi ]]]
which we expandto
is{tuple[i[xo; sorted[hyo; Zi]]] (G1),
hXo; Yo; Zoi ¥ai[Xo; sorted[hyo; 2oi]] (G2),
is{sorted[i[xo; sorted[hyo; Zi]]] (G3).

Now, (G1) follows from the type requiremer oni and (Al).

The proof of (G2) and (G3) fails. Howewer, the following requiremerts for i
canbereadily (i.e. automatically) generatedfrom the temporary assumptions
and goals:

08 8 1
< b g < e B 1/ T
8 @ hy; i Y4 Y ) hx; y; 2i 1/4|[X’Y]A_
xy:istuple [Y] - isfsorted[Y] - is{sorted[i[x; Y]]
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With theserequiremerts, the proof can be completed.
In fact, together with the type requiremen on i, theserequiremerns char-
acterizethe natural properties of "insertion algorithms".

5 Automation of the Lazy Thinking Algorithm Synthe-
sis Pro cedure

The "lazy thinking" procedurefor inventing algorithms together with their
correctnesgproofs can be madecompletelyautomatic (algorithmic) if we man-
age

2 to automate (inductiv e) proving in the speci ¢ areaand

2 to automate generating conjectures(requiremerts on auxiliary functions)
from the temporary assumptionsand the left-over goalsin failing proof
attempts.

In fact, for the caseof inductive domains, there are powerful automated
proversaround and we have implemerted varioussud proversin the Theorema
system. Also, wealreadyimplemerted a rst versionof a conjecturegeneration
algorithm which, together with our automated inductive provers, is powerful
enoughto completely automate the "lazy thinking" algorithm invertion and
veri cation processin the caseof quite someproblemson tuples.

Our current conjecture (requiremerts) generation algorithm implemerts
two stratregiesthat can handle the two situations in the above examplebut
alsoin many other examples. Both strategiestake the conjunction A of all
temporary assumptionsand the (conjunction of the) temporary goalsG and
conjecturea variant of (A) G):

2 The rst strategy can handle simplefailing proof situations in proofs (proof
branches)without induction: It replacesall "arbitrary but xed" constarts
in (A) G) by variablesv,... and producesthe conjecture 8 (A) G). By

Vi
this strategy, one can produce, for example,the conjecture (requiremert)
8 ialX]= X
is{trivial{tuple [X](SpeCIa[ ] )
in the rst round of the rst casestudy.

2 The secondstrategy can handle failing proof situations in the induction
step parts of proofs. It rst looksin (A) G) for terms whoseheadis the
function constart for the algorithm to be syrnthesized(in our case,this is
the function constarnt 'sorted) and replacesthesewith new variablesv,...
of the sametype as the output of the unknown function and then, again,
replacesall "arbitrary but xed" constarts by variablesw,.... The variant

8 (A ) G) istaken asthe new conjecture. By this strategy, one can

producethe requiremerts in the induction stepsof all the above casestudies,
for examplethe requiremen
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08 1
% left{split[X] %Y 8
o right{split[X]%Z _ < mergedY;Z] ¥4 X
Isftuple [X3Y:Z] is{sorted[Y] - is{sorted[mergedY: Z]]
:isftrivial{tuple [X]

is{sorted[Z]
in the rst casestudy.

Our future researt will focuson adding more and more strategiesto the
conjecture generationalgorithm. Of course,never, one conjecture generation
algorithm will be able to handle "all* failing proof situations. Howewer, we
think that the lazy thinking cascadewill be a usefultool for organizing the
theory exploration processand, in particular, the algorithm invertion process.
The cascadebecomesmore and more powerful the more powerful theorem
provers and conjecture generation algorithms will be used as subalgorithms
and the better we understandand organizelibraries of algorithm sdhemes.

With the current Theorema induction prover and the current Theorema
conjecturegenerator,the above syrnthesisprocesscan be executedcompletely
automatically. This meansthat the userhasonly to compile the knowledge
on the predicate 'is-sorted-version and its auxiliary notions shavn in the
appendix and then to call Theorema by

Prove[Theorem["correctnessof sorting"];
using ! Theory["sorting"];
by! Cascad¢SgnskEqCasePC; GenerateConjectures|]

Here, Theory["sorting"] is the name of the theory consisting of the formulae
in the appendix. In Theorema this name can be assignedo the formulae by
executing

Theory["sorting”,

0 8
2 is{tuple[Y]

8 %bis{sorted{version[x Y], X YaY
is{tuple [X ] >
" is{sorted[Y]
is{sorted[hi]
8is{sorted[hxi]
X
... all formulaein the appendix::: ]

Similarly, Theorem["correctnessof sorting"] is the nameof the correctness
theoremfor sorting. This name can be assignedby executing
Theorem["correctnessof sorting”,

- 8 is{sorted{version[X; sorted[X ]]]
is{tuple [X]
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'SgnsEgCasePC' is the name of the particular induction prover that cor-
responds to the "divide{and{conquer" algorithm sdheme. This prover adds
the formulae that con%titute the algorithm scheme,i.e. the formulae

% specialX] (is{trivial{tuple [X]
- Ff?e x ]SOFted[X 1= 5 mergedsorted[left{split [X ]; ,
sorted[right{split [ X ]]] otherwise
8 is{tuple[left{split [X ],
is{tuple [X]
:isftrivial{tuple [X]
eteri:

to the knowledgeand organizesthe main loop of the proof by the particular
induction sdheme. The strategy implemerted by this prover is the following:
‘rst apply the induction scheme,then expand the casestatemert (from the
de nition of the algorithm), then nally apply rewriting and natural deduction
to carry the proof through.

We are now working on a generalinduction prover that getsthe information
on the algorithm sdheme (including the type requiremerts for the auxiliary
functions and the appropriate induction scheme)directly from the library of
algorithm sdhemesso that, without user interaction in between, the prover
can attempt various algorithm synthesessuccessigly.

Future work will also be dedicatedto the dewelopmen of algorithm type
libraries and classi cation of algorithm types (someof this type of work has
already beencarried out by D.R. Smith, for instancein [18]).

As result of the above Theorema call 'Prove| Theorem["correctnessof sort-
ing"],...], after approximately 5 minutes computation time (on a Compaq
Evo N610c,with Intel Pertium 4 1.8 GHz), the userwill get

2 an augmerned knowledgebasethat cortains the requiremerts on the auxil-
iary functions

(specia[X]= X),
08

8
is{trivial{tuple [X]
% left{split[X ] ¥4 Y 8
right{split [X ] ¥4 Z ) < mergedY;Z] ¥a X
Isftuple [X;Y;Z] is{sorted[Y] - is{sorted[mergedY: Z]]
s isftrivial{tuple [X]
is{sorted[Z]

2 and a completecorrectnesgroof for the divide{and{conquer algorithm that
essetially looks like the proof deweloped in the precedingsections.
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6 Conclusion

We presented a procedurefor automated algorithm invertion and veri cation.
The proposedprocedure

2 js natural

2 can also be usedas a heuristic and didactic guide for the dewelopmen of
correct algorithms and their correctnessproofs

2 usesalgorithm schemesas condensedalgorithmic knowledge

2 exploits the information gainedfrom failing proof attempts of the correct-
nesstheorem

2 is able to generateconjectures(requiremerts on the sub-algorithms) from
failing proofs

2 inverts veri ed algorithms that can be usedwith an in nite spectrum of
possiblesubalgorithms(all thosethat satisfy the requiremerts)

2 emphasizesa layered approad in repeated, small extensionsof theories.
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App endix

De nitions
0 8
2 is{tuple[Y]
8 %is{sorted{version[X;Y] : X YaY )
is{tuple [X ] >
" is{sorted[Y]
is{sorted[hi],
8 is{sorted[hxi],
X

0 8 1
<

X
8 @is{sorted[hc y; &), . Y A,
Xy it is{sorted[hy; Zi]

hi ¥4 hi,

8 hi 6%4y; ¥i,

y:y

(B, (P Vabyii , (x 2 yi ~ i) Yadf ofx; hyi)),
§x 62,

B.(x2hyiyi), (x=y)_(x2hy:i),

gd o[a; hi] = hi,

8
<

. ( x=a
8 doa;hx;%xi]=
a;x; X

x N d ofa;hki] otherwise
8hi i,

Shi 1y

8 hx; ki A hi,

X; X
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8 h i Ahy;yi, hkiA i,
XXy ¥y

X%,(X N hyi = i),

8(is{tuple[X], 9(X = hxi)),
8(is-empty-tuplgX], (X = hi),
)E(S(is-singleton-tupléX], SXB(X = Ixi)),

>é(3(is{trivial{tuple [X], (is-empty-tupldX]_ is-singleton-tuplgX]).

Axioms
X;g;y(m;ki = hy;9i), ((x=y)" (i = hyi)),
XS,(W?*i 6 hi.

Properties

8 is{sorted[X ],
is{trivial{tuple [X]

(X %Y, (X =Y)),

is{trivial{tuple [X J;is{tuple [Y]

8 X ¥aX,
is{tuple [X]

(X %Y ) Y ¥%X),

is{tuple [X;Y]

1 N 1 1
is{tuple?x;v;z]((x Y NY Z)) X VaZ),

8 (XAY) YBAX),
is{tuple [X;Y]

Uy A A
is{tup|e8[X;Y;Z]((x AYNY AZ)) XAZ).
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